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Abstract
We propose a new world-line Lagrangian model of the D=4 massless relativistic particle
with continuous spin and develop its twistorial formulation. The description uses two
Penrose twistors subjected to four first class constraints. After the first quantization of the
world-line twistorial model, the wave function is defined by an unconstrained function on
the two-dimensional complex affine plane. We find the twistor transform that determines
the space-time field of the continuous spin particle through the corresponding twistor one,
which plays the role of a prepotential. It is shown that this space-time field is an exact
solution of the space-time constraints defining the irreducible massless representation of
the Poincare´ group with continuous spin.
PACS: 11.10.Ef, 11.30.-j, 11.30.Cp, 03.65.Pm
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1 Introduction
Among the unitary irreducible representations of the Poincare´ group [1, 2, 3], the massless
representations with continuous spin look somewhat unusual from a physical point of view. In
contrast to other physical states having a positive or zero mass, they include an infinite number
of massless spin states (see, for example, [4]). This property of the continuous spin particles is
very attractive at the present time by reason of the intensive development of higher-spin theory
[5, 6, 7] (see also the reviews [8, 9, 10]) and explanation of its relation to the string theory (see
the recent paper [11] and references in it). In addition to this important circumstance, massless
states of continuous spin have a description in terms of string-localized fields [12] and allow for
extensions to the supermultiplets [13]. Therefore, lately a lot of research has been carried out
on the continuous spin particles (see, for example, [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]
and references therein). These studies allow us to take a fresh look at the problems in the
theory of continuous spin particles, taking into account the achievements of the string theory
and the higher spin field theory.
Up to now, all the considered formulations of the continuous spin particles have been the
space-time ones. That is, the description of the corresponding massless states was carried
out by using coordinate and momentum vectors, as well as some additional variables. The
authors of most papers on this question use the formulation with additional vector variables,
which was proposed by Wigner and Bargmann [2, 3]. The fields of the continuous spin in this
formulation are described by the function Φ(x, y) defined on the space which is parametrized
by two commuting four-vectors xm and ym.1 One of these vectors, the vector xm, defines the
position coordinates on Minkowski space, whereas additional vector variables ym are intended
to describe the spin degrees of freedom of massless particles. The conditions describing the
irreducible representation of the Poincare´ group with continuous spin can be written in terms
of the function Φ(x, y) in the form [2, 3]2
∂
∂xm
∂
∂xm
Φ = 0 , (1.1)
∂
∂xm
∂
∂ym
Φ = 0 , (1.2)
∂
∂ym
∂
∂ym
Φ = µ2Φ , (1.3)
− i ym ∂
∂xm
Φ = Φ , (1.4)
where the constant µ ∈ R is a dimensionful parameter defining the value of the four-order
Casimir operator for the massless representations of the Poinca´re group. In [4], in addition to
1The space-time metric is ηmn = diag(+1,−1,−1,−1). The totally antisymmetric tensor ǫmnkl has the com-
ponent ǫ0123 = −1. The two-component Weyl spinor indices are raised and lowered by ǫαβ , ǫ
αβ , ǫα˙β˙ , ǫ
α˙β˙
with the nonvanishing components ǫ12 = −ǫ21 = ǫ
21 = −ǫ12 = 1: ψα = ǫαβψ
β , ψα = ǫαβψβ , etc. Relativistic
σ-matrices are (σm)αβ˙ = (12;σ1, σ2, σ3)αβ˙, where σ1, σ2, σ3 are the Pauli matrices. The matrices (σ˜m)
α˙β =
ǫα˙δ˙ǫβγ(σm)γδ˙ = (12;−σ1,−σ2,−σ3)
α˙β satisfy σmαγ˙ σ˜
n γ˙β + σmαγ˙ σ˜
n γ˙β = 2 ηmnδβα and σ
m
αβ˙
σ˜β˙αn = 2 δ
m
n . The link be-
tween Minkowski four-vectors and spinorial quantities is given by Aαβ˙ =
1√
2
Am(σ
m)αβ˙ , A
α˙β = 1√
2
Am(σ˜
m)α˙β ,
Am =
1√
2
Aαβ˙(σ˜m)
β˙α, so that AmBm = Aαβ˙B
β˙α. We use also the following quantities: Aβ˙α = ǫ
β˙γ˙Aαγ˙ = ǫαγA
β˙γ ,
Aα
β˙
= ǫβ˙γ˙A
γ˙α = ǫαγAγβ˙ (see the details, e.g., in [26]).
2We note that these conditions were given in the papers [2, 3] in a somewhat different but equivalent form.
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the coordinate and energy-momentum vectors, additional spinor variables were used. However,
massless states of finite spin (helicity) have an alternative description in terms of twistor vari-
ables [27, 28, 29]. Moreover, the twistor formalism makes it possible to obtain a transparent
treatment of many aspects of space-time description, such as, for example, the description of
symmetries in the higher spin theory [30, 31, 32, 33]. In addition, the twistor approach is
used not only for massless states of finite spin. For example, there are twistor formulations of
massive particles with fixed spin (see, for example, [34, 35, 36, 37] and references therein) as
well as massive particles of higher spins [38].
In this paper, we construct a twistorial formulation of a massless particle of continuous spin
in the usual four-dimensional space-time and find its link with the field formulation. This will
give additional understanding of this system and also restore its further relations with other
theories of relativistic particles.
The plan of this paper is as follows. In the next section, we formulate the Lagrangian
dynamical system which reproduces after quantization the space-time description (1.1)-(1.4)
of the continuous spin fields. The formulation under consideration uses in the Hamiltonian
approach an additional pair of four-vector variables. In Sect. 3, we construct a twistorial for-
mulation, which is equivalent to the space-time one of the previous section. For twistorial
resolution of all space-time momenta we introduce two twistors. We present also the incidence
relations that give the relationship of the space-time phase space coordinates with the twistor
variables. As a result, we establish a full set of twistor constraints that describe the continuous
spin particle. In Sect. 4, we make canonical quantization of the twistorial model of the contin-
uous spin particle. We find a twistorial wave function (twistorial field) of the continuous spin
particle. This field is defined by an arbitrary function defined on the two-dimensional complex
affine plane. In Sect. 5, we consider the field twistor transform which reproduces space-time
field of the continuous spin by the corresponding twistorial field. This space-time field Φ(x, y)
is the exact solution of equations (1.1)-(1.4) by construction. In the last section, we give some
comments about the obtained results and present outlooks.
2 Space-time formulation
We begin with the construction of the new Lagrangian system for the relativistic particle
corresponding to the Wigner-Bargmann space-time formulation of the irreducible continuous
spin massless representation. In this approach equations (1.1)-(1.4) will arise as result of quan-
tization of the particle model.
Consider the one-dimensional dynamical model with the following Lagrangian in the first-
order formalism
Lsp.−time = pmx˙m +wmy˙m + epmpm + e1pmwm + e2 (wmwm + µ2) + e3 (pmym − 1) (2.1)
and study the properties of this model. Here the quantities pm and wm are the momenta for
the four-vector coordinates xm and auxiliary vector variables ym; their nonvanishing Poisson
brackets are {xm, pn} = δmn , {ym,wn} = δmn . (2.2)
The parameter µ ∈ R in the Lagrangian (2.1) is a constant and the τ is an evolution parameter:
xm = xm(τ), pm = pm(τ), etc. We use the standard notation for τ -derivatives: x˙m ∶= dxm/dτ ,
y˙m ∶= dym/dτ .
2
The variables e(τ), e1(τ), e2(τ), e3(τ) in the Lagrangian (2.1) are the Lagrange multipliers
for the constraints [2, 3] 3
T ∶= pmpm ≈ 0 , (2.3)
T1 ∶= pmwm ≈ 0 , (2.4)
T2 ∶= wmwm + µ2 ≈ 0 , (2.5)
T3 ∶= pmym − 1 ≈ 0 . (2.6)
Nonvanishing Poisson brackets of the constraints (2.3)-(2.6) are
{T1, T3} = −T , {T2, T3} = −2T1 . (2.7)
Therefore, all constraints (2.3)-(2.6) are first class.
The action Ssp.−time = ∫ dτLsp.−time with Lagrangian (2.1) is invariant under the transfor-
mations
δxm = am + ωmnxn , δpm = ωmnpn ,
δym = ωmnyn , δwm = ωmnwn , (2.8)
where am, ωmn = −ωnm ∈ R are the parameters of the global inhomogeneous Lorentz transfor-
mations. The Noether charges for the transformations (2.8) take the form
Pm = pm ,
Mmn = xmpn − xnpm + ymwn − ynwm (2.9)
and generate the Poincare´ algebra with respect to Poisson brackets.
Due to the constraint (2.3) the square of four-translations is zero,
PmP
m ≈ 0 . (2.10)
Therefore, the model (2.1) describes massless particle(s).
Due to the constraints (2.3)-(2.6) the square of the Pauli-Lubanski pseudovector
Wm = 1
2
εmnklP
nMkl (2.11)
is equal to
WmW
m = 1
2
MnkM
nkPmP
m −MmkMnlP kPl ≈ −µ2 . (2.12)
As result of this and (2.10), we see that the model (2.1) indeed describes the massless particle
with continuous spin. It is noted that the vectors wm andWm = εmnklpnylwl are not equal to each
other, although both vectors are space-like and have the equal lengths wmwm =WmWm = −µ2
on mass-shell.
After canonical quantization the constraints (2.3)-(2.6) yield equations for the continuous
spin fields (1.1)-(1.4). Additional coordinates ym in the arguments of these fields play the role
of spin variables.
3 In [2, 3], there were used dimensionless vectors um = µym, ξm = µ−1wm, in terms of which the constraints
(2.5), (2.6) take the form ξmξ
m + 1 ≈ 0, pmu
m − µ ≈ 0.
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We note that the constraints (2.3)-(2.6) are also suitable for the description of continu-
ous spin particles in the Minkowski space-time of arbitrary dimension D=d+1 (see also the
review [23]). In this paper, we consider a continuous spin particle only in the four-dimensional
space-time (D=3+1), since the twistor formulation analyzed here is mostly well developed in
the four-dimensional case.
At the end of this Section, we find a number of unconstrained (physical) degrees of freedom
in the model (2.1). In this model, we have four first class constraints (2.3)-(2.6) and four gauge
fixing conditions. They eliminate eight degrees of freedom out of sixteen phase variables xm,
pm; ym, wm. Therefore, the model (2.1) is described by
nphys = 8 (2.13)
phase variables. We will check the fulfillment of the condition (2.13) in constructing a new
twistorial formulation of the continuous spin particle.
3 Twistorial formulation of continuous spin particle
We turn to constructing the twistorial formulation of the system (2.1). To obtain this, we
will follow the standard prescriptions of the twistor approach [27, 28, 29]. We stress that in
the twistor formulation the models of the massless particles describe the sector with energy of
a definite sign.
The first step in this twistor program is to resolve the constraint (2.3). Introducing commut-
ing Weyl spinor πα, π¯α˙ = (πα)∗, we represent light-like vector pm = pαα˙ by the Cartan-Penrose
relation [27, 28, 29]
pαα˙ = παπ¯α˙ . (3.1)
As a result of (3.1) and παπα ≡ 0, the constraint (2.3) is satisfied automatically. In addition,
relation (3.1) implies positive energy p0 > 0 if the condition πα ≠ (0,0) holds. In the twistor
formulation, the spinor πα determines half of the components of the Penrose twistor.
The second step for obtaining the twistor formulation consists in a spinor representation of
the four-vector components wm = wαα˙ which should resolve equations (2.4), (2.5). For this, it
is necessary to introduce in addition one more commuting Weyl spinor ρα, ρ¯α˙ = (ρα)∗. Then
we represent wαα˙ in the form
wαα˙ = παρ¯α˙ + ραπ¯α˙ . (3.2)
Expressions (3.1) and (3.2) solve the constraint (2.4). Moreover, equality (3.2) leads to the
following twistor expression for the square of the space-like vector wm:
wαα˙w
αα˙ = −2παρα ρ¯α˙π¯α˙ = −2∣παρα∣2 . (3.3)
As a result, the constraint (2.5) leads to the necessity of imposing in twistor space the following
constraint: M ∶= παρα ρ¯α˙π¯α˙ −M2 ≈ 0 , (3.4)
where the real constant M is defined by
M2 = µ2/2 . (3.5)
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Without loss of generality, we will consider below the twistor system in which the constant M
is positive, M > 0.
As the next step in our twistor program we introduce canonically conjugated momenta for
πα, π¯α˙ and ρα, ρ¯α˙. To do this, we represent the kinetic terms in (2.1), pmx˙m + wmy˙m, as the
corresponding terms for twistorial spinors and their momenta. We define spinorial momenta
ωα, ω¯α˙ and ηα, η¯α˙ by the following incidence relations:
ωα = π¯α˙xα˙α + ρ¯α˙yα˙α , ω¯α˙ = xα˙απα + yα˙αρα , (3.6)
ηα = π¯α˙yα˙α , η¯α˙ = yα˙απα (3.7)
and find that, up to total derivative terms, they satisfy the relation
pαα˙x˙
α˙α +wαα˙y˙α˙α = παω˙α + π¯α˙ ˙¯ωα˙ + ραη˙α + ρ¯α˙ ˙¯ηα˙ . (3.8)
Thus, (ωα, πα), (ω¯α˙, π¯α˙), (ηα, ρα), (η¯α˙, ρ¯α˙) are canonically conjugated pairs of the twistorial
variables which obey the following Poisson brackets:
{ωα, πβ} = {ηα, ρβ} = δαβ , {ω¯α˙, π¯β˙} = {η¯α˙, ρ¯β˙} = δα˙β˙ . (3.9)
Using (3.1) and (3.7), the last constraint (2.6) in the space-time formulation leads to the
twistorial constraint
ηαπα + π¯α˙η¯α˙ − 2 ≈ 0 . (3.10)
Furthermore, the incidence relations (3.7) imply the twistor constraint
ηαπα − π¯α˙η¯α˙ ≈ 0 . (3.11)
The sum and difference of (3.10), (3.11) give equivalent constraints
F ∶= ηαπα − 1 ≈ 0 , F¯ ∶= π¯α˙η¯α˙ − 1 ≈ 0 . (3.12)
Note that the incidence relations (3.6), (3.7) imply also one more twistor constraint
U ∶= ωαπα − π¯α˙ω¯α˙ + ηαρα − ρ¯α˙η¯α˙ ≈ 0 . (3.13)
This finishes the twistorial formulation of the model (2.1). It is described by eight complex
variables πα, ωα, ρα, ηα, which have with their complex conjugated variables π¯α˙, ω¯α˙; ρ¯α˙,
η¯α˙ Poisson brackets (3.9) and are subjected the constraints (3.4), (3.12) and (3.13). The
corresponding twistorial Lagrangian is
Ltwistor = παω˙α + π¯α˙ ˙¯ωα˙ + ραη˙α + ρ¯α˙ ˙¯ηα˙ + lM + kU + ℓF + ℓ¯ F¯ , (3.14)
where l(τ), k(τ), ℓ(τ), ℓ¯(τ) are the Lagrange multipliers for the constraints (3.4), (3.12), (3.13).
Four constraints (3.4), (3.12), (3.13) form an abelian algebra with respect to twistorial
Poisson brackets (3.9) and eliminate eight degrees of freedom from sixteen. As a result, the
twistorial model (3.14) has the same number of physical degrees of freedom (2.13) as the model
(2.1) in the space-time formulation.
Let us check the preservation of the physical content of the theory when we switch to the
twistor formulation (3.14).
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Using (anti)self-dual spin-tensors
Mαβ = π(αωβ) + ρ(αηβ) , M¯α˙β˙ = π¯(α˙ω¯β˙) + ρ¯(α˙η¯β˙) (3.15)
we represent the Noether charges of the Poincare´ transformations (2.8) in the following form
Mαα˙ββ˙ = ǫα˙β˙Mαβ + ǫαβM¯α˙β˙ ,
Pαα˙ = παπ¯β˙ . (3.16)
These expressions can also be obtained by inserting expressions (3.1), (3.2), (3.6), (3.7) in
charges (2.9). Then, in the Weyl-spinor notation, the Pauli-Lubanski vector (2.11) has the
form
Wαα˙ = −i(MαβP βα˙ − M¯α˙β˙P β˙α ) (3.17)
and for the considered twistorial realization (3.15), (3.16) we obtain the following expression:
Wαα˙ = ΛPαα˙ − i
2
[(π¯β˙ η¯β˙)παρ¯α˙ − (πβηβ)ραπ¯α˙] + i2 [(π¯β˙ρ¯β˙)παη¯α˙ − (πβρβ)ηαπ¯α˙] , (3.18)
where
Λ ∶= i
2
(πβωβ − π¯β˙ω¯β˙) . (3.19)
The square of the vector (3.18) is equal to
W 2 =W αα˙Wαα˙ = −2 ∣παρα∣2 ∣πβηβ ∣2 (3.20)
and, due to the constraints (3.4), (3.12), we reproduce (2.12): W 2 ≈ −2M2 = −µ2. So the
twistorial model (3.14) describes massless particles of continuous spin.
Let us make some comments about our twistorial formulation of the continuous spin particle:
i) Introduce the matrix
∥Παb∥ ∶= ( π1 ρ1π2 ρ2 ) , (3.21)
where b = 1,2, i.e. (Πα1,Πα2) = (πα, ρα) . (3.22)
We see that constraint (3.4) is equivalent to detΠ =M exp(iϕ), where ϕ defines the phase
of the spinor contraction παρα: exp(2iϕ) = (παρα)/(ρ¯α˙π¯α˙). So the matrix M−1/2Παb at
ϕ = 0 describes group manifold SL(2,C) parametrizing the spinor Lorentz harmonics
[39, 40].
ii) The constraints (3.12) generate local transformations
δρα = nπα , δπα = 0 , δρ¯α˙ = n¯π¯α˙ , δπ¯α˙ = 0 ⇒ δΠ = Π( 0 n0 0 ) , (3.23)
where n = n(τ) is the local infinitesimal complex parameter. Thus, configuration space of
the model is described by the matrix (3.21) defined up to local transformations g → gN ,
with the matrix
N = ( 1 n
0 1
) . (3.24)
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These matrices for any n ∈ C form the Borel subgroup B+(2,C) of the Lorentz group
SL(2,C). The coset SL(2,C)/B+(2,C) is the two-dimensional complex affine plane [41].
This fact will be crucial in the analysis of the quantum spectrum of the model (3.14)
considered in the next Section.
iii) Spinors πα, ω¯α˙ and ρα, η¯α˙ form two Penrose twistors
ZA ∶= (πα, ω¯α˙) , YA ∶= (ρα, η¯α˙) . (3.25)
Conjugated spinors π¯α˙, ωα and ρ¯α˙, ηα are present in the definition of dual twistors
Z¯A ∶= ( ωα−π¯α˙ ) ; Y¯ A ∶= (
ηα−ρ¯α˙ ) , (3.26)
So in the description of the continuous spin particle it is necessary to have a bitwistor
formulation as opposed to the one-twistor description of a usual massless particle with
fixed helicity.
Since norms of the twistors (3.25), (3.26) are
Z¯AZA = ωαπα − π¯α˙ω¯α˙ , Y¯ AYA = ηαρα − ρ¯α˙η¯α˙ , (3.27)
the constraint (3.13) has the concise form
U = Z¯AZA − Y¯ AYA ≈ 0 . (3.28)
For a massless particle with fixed helicity, the norm of the twistor Z, which resolves
particle momentum in terms of (3.1), is constant and defines helicity by the operator
(3.19): Λ = i
2
Z¯AZA. In our model, particle helicity is not fixed due to the constraint
(3.28).
4 Quantization of twistorial model and continuous spin
twistor field
Before the quantization is performed, we fix some gauges and pass to an appropriate phase
variable, in which the constraints have a simple form.
Our twistor model of the continuous spin particle is described by the first class constraintsM, U , F , F¯ defined by expressions (3.4), (3.13), (3.12). Let us fix gauges for the constraints
(3.4) and (3.13).
The constraint (3.4) involves only the norm ∣παρα∣. Gauge fixing condition for this constraint
must be canonically conjugated one. The natural choice for such a constraint is the generator
of conformal transformations of twistor components, which has the form
R ∶= ωαπα + π¯α˙ω¯α˙ + ηαρα + ρ¯α˙η¯α˙ ≈ 0 . (4.1)
We can check that Poisson bracket {R,M} = 4M + 4M2 ≈ 4M2 ≠ 0 takes place, as required.
The constraint (3.13) is the generator of phase transformations in twistor space. In partic-
ular, these transformations act on a phase of the spinor contraction παρα. As result, we take
the condition on this phase
K ∶= ln(παρα
ρ¯α˙π¯α˙
) ≈ 0 (4.2)
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as gauge fixing condition for the constraint (3.13). Moreover, their Poisson bracket is {U ,K} = 4.
The constraints (3.4) and (4.2) are equivalent to the constraints
N ∶= παρα −M ≈ 0 , N¯ ∶= ρ¯α˙π¯α˙ −M ≈ 0 . (4.3)
In addition, the sum and difference of the constraints (3.13) and (4.1) are
V ∶= ωαπα + ηαρα ≈ 0 , V¯ ∶= π¯α˙ω¯α˙ + ρ¯α˙η¯α˙ ≈ 0 . (4.4)
Thus, the twistorial system of the continuous spin particle is described by the set of four second
class constraints (4.3), (4.4) and two first class constraints (3.12)
F ∶= ηαπα − 1 ≈ 0 , F¯ ∶= π¯α˙η¯α˙ − 1 ≈ 0 . (4.5)
Nonvanishing Poisson brackets of these constraints are
{V,N} = 2N + 2M , {V¯, N¯ } = 2N¯ + 2M . (4.6)
Let us pass to the variables in which the constraints (4.3), (4.4), (4.5) have a simple form.
Taking into account that the constraints (4.5) generate gauge transformations (3.23) from
parabolic subgroup of the SL(2,C) group, we use the following expansion of the matrix (3.21),
(3.22):
∥Παb∥ = √M ( z1 0z2 s/z1 )(
1 t
0 1
) , (4.7)
where
zα = πα/√M , s = παρα/M , t = ρ1/π1 (4.8)
are four dimensionless complex variables. Relations (4.8) imply
detΠ = παρα =Ms, det Π¯ = ρ¯α˙π¯α˙ =Ms¯ . (4.9)
We emphasize that the constraints (3.4) imply
(π1, π2) ≠ (0,0) (4.10)
and therefore (z1, z2) ≠ (0,0). In the matrix expansion (4.7), we assume for definiteness that
z1 ≠ 0.
Let us make the canonical transformation from the phase spinor variables, coordinates ωα,
ηα, ω¯α˙, η¯α˙ and momenta πα, ρα, π¯α˙, ρ¯α˙, to new phase space with coordinates zα, s, t, z¯α˙, s¯,
t¯ and their momenta pαz , ps, pt, p¯
α˙
z , p¯s, p¯t. The main requirement for such a transformation is
the fulfillment of relations (4.8) and their conjugate ones
z¯α˙ = π¯α˙/√M , s¯ = ρ¯α˙π¯α˙/M , t¯ = ρ¯1/π¯1 . (4.11)
The generating function of this transformation, depending on old and new momenta, has the
following form:
G(πα, π¯α˙, ρα, ρ¯α˙;pαz , p¯α˙z , ps, p¯s, pt, p¯t) = 1√
M
παp
α
z + ρ1π1 pt +
1
M
παραps + c. c. (4.12)
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The generating function (4.12) leads to the relations zα = ∂G/∂pαz , z¯α˙ = ∂G/∂p¯α˙z , s = ∂G/∂s,
s¯ = ∂G/∂s¯, t = ∂G/∂t, t¯ = ∂G/∂t¯. In its turn, these relations allow us to obtain expressions
(4.8) and (4.11). Derivatives of the generating function (4.12) with respect to old momenta
give expressions for the old coordinates ωα, ηα, ω¯α˙, η¯α˙ through the remaining variables:
ωα = − ∂G
∂πα
= − 1√
M
pαz + 1M ραps +
δα1ρ1(π1)2 pt , (4.13)
ηα = − ∂G
∂ρα
= − 1
M
παps − δα1
π1
pt , (4.14)
and complex conjugated relations. From the definition of the canonical transformation with
the generating function (4.12) we obtain that nonvanishing Poisson brackets of new variables
are
{zα, pβz } = δβα , {z¯α˙, p¯β˙z} = δβ˙α˙ , {s, ps} = {s¯, p¯s} = 1 , {t, pt} = {t¯, p¯t} = 1 . (4.15)
In new variables the constraints (4.3) take the form (see (4.9))
s − 1 ≈ 0 , s¯ − 1 ≈ 0 . (4.16)
Moreover, equations (4.13), (4.14) and c.c. lead to the following expressions of the constraints
(4.4) in new variables: − zαpαz − 2sps ≈ 0 , −z¯α˙p¯α˙z − 2s¯p¯s ≈ 0 . (4.17)
For definition of the constraints (4.5) in new variables we take into account the relations pt =−παηα, pt = −π¯α˙η¯α˙, which follow from (4.14) and c.c. Thus, in new variables the constraints
(4.5) take the form
pt + 1 ≈ 0 , p¯t + 1 ≈ 0 . (4.18)
So in new variables all constraints (second class constraints (4.16), (4.17) and first class ones
(4.18)) have a simple form.
We take account of the second class constraints (4.16), (4.17) by introducing the Dirac
bracket for them. As a result, the second class constraints are now fulfilled in the strong sense
and remove the variables s, s¯, ps, p¯s from the phase space of the model. Due to the resolved
form of the constraints (4.16) (they depend only on variables s, s¯), the Dirac brackets for the
rest of the phase space variables zα, pαz , t, pt and c.c. coincide with their Poisson brackets.
We will perform quantization in the coordinate representation in which the realization of
the operators of phase variables is the following (we take h̵ = 1)
zˆα = zα , pˆαz = −i ∂∂zα , ˆ¯zα˙ = z¯α˙ , ˆ¯pα˙z = −i
∂
∂z¯α˙
,
tˆ = t , pˆt = −i ∂
∂t
, ˆ¯t = t¯ , ˆ¯pt = −i ∂
∂t¯
.
(4.19)
In this realization the wave function is
Ψ = Ψ(zα, z¯α˙, t, t¯) . (4.20)
The wave function of physical states is subjected to the first class constraints (4.18) which
lead to the equations
∂
∂t
Ψ = ∂
∂t¯
Ψ = −iΨ . (4.21)
9
The solution of equations (4.21), with taking into account the conditions of the second class
constraints (4.16), is
Ψ = δ(s − 1) δ(s¯ − 1)e−i(t + t¯) Ψ˜(zα, z¯α˙) , (4.22)
where Ψ˜(zα, z¯α˙) is the function on the two-dimensional complex affine plane parametrized by
two complex coordinates zα ∈ 0C2 = C2/(0,0).
Restoring the dependence of the wave function (4.22) on twistor variables using relations
(4.8) and (4.11), we obtain the twistor wave function in the form (we leave the notation for
functions, as in (4.22))
Ψ(πα, π¯α˙;ρα, ρ¯α˙) = δ (πβρβ −M) δ (ρ¯β˙ π¯β˙ −M) e−i(
ρ1
π1
+ ρ¯1
π¯1
)
Ψ˜(πα, π¯α˙) , (4.23)
where Ψ˜(πα, π¯α˙) is an arbitrary function on πα, π¯α˙. The twistor wave function, obtained in
(4.23), satisfies the following symmetry condition:
Ψ(πα, π¯α˙;ρα + κπα, ρ¯α˙ + κ¯ π¯α˙) = e−i (κ + κ¯)Ψ(πα, π¯α˙;ρα, ρ¯α˙) , (4.24)
and, therefore, is the solution of the equations 4
i πα
∂
∂ρα
Ψ = Ψ , i π¯α˙ ∂
∂ρ¯α˙
Ψ = Ψ , (4.25)
which are quantum counterparts of the constraints (3.12).
Let us analyze spin (helicity) content of the twistor wave function (4.23). For it we find the
value of the Pauli-Lubanski operator (see (3.17))
Wαα˙ = M¯α˙β˙Pβ˙α −MαβPβα˙ , (4.26)
where the Poincare´ algebra operators in the twistor formulation have the form (see (3.15),
(3.16))
Mαβ = π(α ∂
∂πβ)
+ ρ(α ∂
∂ρβ)
,
M¯α˙β˙ = π¯(α˙ ∂
∂π¯β˙)
+ ρ¯(α˙ ∂
∂ρ¯β˙)
,
Pαα˙ = παπ¯β˙ . (4.27)
Inserting (4.27) in (4.26) we obtain
Wαα˙ = παπ¯α˙Λ+ 1
2
[παρ¯α˙(π¯β˙ ∂∂ρ¯β˙ ) − ραπ¯α˙(πβ
∂
∂ρβ
)]+ 1
2
[(π¯β˙ ρ¯β˙)πα ∂∂ρ¯α˙ − (πβρβ)π¯α˙
∂
∂ρα
] , (4.28)
where
Λ = −1
2
(πβ ∂
∂πβ
− π¯β˙ ∂∂π¯β˙ ) . (4.29)
4Equations (4.25) arise by differentiating expression (4.24) with respect to κ, κ¯ and the subsequent limits
κ = κ¯ = 0.
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Direct calculations show that
Wαα˙ π
βρβ =Wαα˙ ρ¯β˙π¯β˙ = 0 , Wαα˙ (ρ1π1 +
ρ¯1
π¯1
) = πβρβ ǫα1π¯α˙
π1
− π¯β˙ ρ¯β˙ ǫα˙1παπ¯1 . (4.30)
By using (4.30) the action of the Pauli-Lubanski operator (4.28) on the twistorial wave function
(4.23) is the following:
Wαα˙Ψ = δ (πβρβ −M) δ (ρ¯β˙π¯β˙ −M) e−i(
ρ1
π1
+ ρ¯1
π¯1
)
Dαα˙ Ψ˜ . (4.31)
where the operator Dαα˙, acting on the reduced twistor field Ψ˜, takes the form
Dαα˙ ∶= παπ¯α˙Λ + iM (ǫα˙1πα
π¯1
− ǫα1π¯α˙
π1
) . (4.32)
Acting on (4.31) by the operatorWαα˙ and usingDαα˙Dαα˙ Ψ˜ = −2M2 Ψ˜ we obtain that (cf. (2.12))
W
αα˙
Wαα˙Ψ = −2M2Ψtw = −µ2Ψ . (4.33)
So the twistor field (4.23) describes a massless particle of continuous spin.
The states with fixed helicities are the eigenvectors of the helicity operator Λ which is defined
as a projection of the total angular momentum J⃗ in the direction of motion with momentum
operator Pm = (P0, P⃗): Λ = J⃗ P⃗/P0. In terms of the Pauli-Lubanski vector (4.28) this operator
is defined by
Λ = W0
P0
= Wαα˙σ˜α˙α0
πβπ¯β˙ σ˜
β˙β
0
. (4.34)
As we see from (4.31) the representation (4.23) of the twistor field is unsuitable for helicity
expansion of the continuous spin wave function.
For finding helicity expansion of the twistor wave function (4.23) we extract from Ψ˜ the
exponential multiplier:
Ψ˜(πα, π¯α˙) = e
−iM(π1π2 + π¯1π¯2)
π1π¯1(πβ π¯β˙ σ˜β˙β0 ) Ψˆ(πα, π¯α˙) . (4.35)
Inserting (4.35) in (4.23) we obtain the following representation of the twistorial field 5
Ψ(πα, π¯α˙;ρα, ρ¯α˙) = δ (πβρβ −M) δ (ρ¯β˙π¯β˙ −M) e
−i(πγ ρ¯γ˙ + ργπ¯γ˙)σ˜γ˙γ0
(πδπ¯δ˙σ˜δ˙δ0 ) Ψˆ(πα, π¯α˙) . (4.36)
5Here we take into account the fulfillment of equality
ρ1
π1
+
ρ¯1
π¯1
+
π¯α˙ρ¯α˙π1π2 + π
αραπ¯1π¯2
π1π¯1 ∑
β=β˙
πβ π¯β˙
=
∑
α=α˙
(παρ¯α˙ + ραπ¯α˙)
∑
β=β˙
πβ π¯β˙
.
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In the exponent of (4.36) there are in fact zero components of four-vectors (3.1) and (3.2). So
expression (4.36) takes the form
Ψ(πα, π¯α˙;ρα, ρ¯α˙) = δ (πβρβ −M) δ (ρ¯β˙ π¯β˙ −M) e−iw0/p0 Ψˆ(πα, π¯α˙) , (4.37)
in which the quantities p0 and w0 have the resolved representations (3.1) and (3.2).
The representation (4.37) for the twistorial field of the continuous spin particle is appropriate
for finding its helicity content. Taking into account the relation
Wαα˙
w0
p0
= 1
2
[παρ¯α˙ − ραπ¯α˙ − παπ¯α˙∑
δ=δ˙
πδπ¯δ˙
∑
β=β˙
(πβ ρ¯β˙ − ρβπ¯β˙)] (4.38)
− 1
2 ∑
δ=δ˙
πδπ¯δ˙
[(ρ¯γ˙ π¯γ˙)∑
β=β˙
(παǫα˙β˙πβ) − (πγργ)∑
β=β˙
(π¯α˙ǫαβ π¯β˙)] ,
which holds for the operator (4.28) and resolved representations (3.1), (3.2) for p0, w0, we
obtain that the action of the Pauli-Lubanski vector on the field (4.37) takes the form
Wαα˙Ψ = δ (πβρβ −M) δ (ρ¯β˙ π¯β˙ −M) e−iw0/p0 Dˆαα˙ Ψˆ , (4.39)
where
Dˆαα˙ = παπ¯α˙Λ − i
2
(παρ¯α˙ − ραπ¯α˙)
+ iπαπ¯α˙
2 ∑
δ=δ˙
πδπ¯δ˙
∑
β=β˙
(πβ ρ¯β˙ − ρβπ¯β˙) + iM2 ∑
δ=δ˙
πδπ¯δ˙
∑
β=β˙
(παǫα˙β˙πβ − π¯α˙ǫαβ π¯β˙) . (4.40)
In contrast to the quantity (4.32), the operator (4.40) satisfies the property
∑
α=α˙
Dˆαα˙ = ∑
α=α˙
παπ¯α˙Λ = P0Λ .
As a result, the helicity operator (4.34) acts on the twistorial field in the following way:
ΛΨ = W0
P0
Ψ = ∑α=α˙
Wαα˙
∑
β=β˙
πβπ¯β˙
Ψ = δ (πβρβ −M) δ (ρ¯β˙ π¯β˙ −M) e−iw0/p0ΛΨˆ . (4.41)
As we see from this expression, the eigenvalues of the helicity operator Λ is defined by the action
of the operator Λ on the reduced twistorial function Ψˆ(π, π¯) living on the two-dimensional
complex affine plane parametrized by πα.
The eigenvectors of the operator Λ are homogeneous functions of two complex variables.
For this reason we express the function Ψˆ(π, π¯) by its homogeneous components.
The homogeneous components of the function Ψˆ(π, π¯) are determined by using the Mellin
transform [41]
F (n1,n2)(πα, π¯α˙) = i
2 ∫ dλdλ¯ λ−n1 λ¯−n2 Ψˆ(λπα, λ¯ π¯α˙) , (4.42)
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where χ = (n1, n2) are the pair of complex numbers whose difference is equal to an integer
number. The functions (4.42) are homogeneous of bi-degree (n1 − 1, n2 − 1):
F (n1,n2)(aπα, a¯π¯α˙) = an1−1a¯n2−1F (n1,n2)(πα, π¯α˙) . (4.43)
In the expansion of quadratically integrable functions on the two-dimensional complex affine
plane, in whose space the unitary representation of the Lorentz group is realized, there are only
such homogeneous functions F (χ) = F (n1,n2) in which χ = (n + iν
2
,
−n + iν
2
) where n is integer
and ν is an arbitrary real number [41]. On this space of the homogeneous functions of bi-degree
χ = (n + iν
2
,
−n + iν
2
) the principal series of unitary irreducible representations of Lorentz group
SL(2,C) is realized. Inverse transformation for (4.42) has the form [41]
Ψˆ(πα, π¯α˙) = 1
4π2
∞∑
n=−∞
∞
∫
−∞
dν F
(n+iν
2
, −n+iν
2
)(πα, π¯α˙) . (4.44)
The condition (4.43) is equivalent to the fulfillment of the equations
πα
∂
∂πα
F (n1,n2) = (n1 − 1)F (n1,n2) , π¯α˙ ∂
∂π¯α˙
F (n1,n2) = (n2 − 1)F (n1,n2) . (4.45)
On such components, the helicity operator (4.29) takes the values s = −n/2:
ΛF (n1,n2) = −n
2
F (n1,n2) . (4.46)
As a result this and (4.41), the twistorial wave function (4.37) of the continuous spin particle
describes an infinite number of massless states whose helicities are equal to integer or half-
integer values and run from −∞ to +∞. Expression (4.44) can be interpreted as expansion on
the helicity states
Ψˆ(πα, π¯α˙) = ∞∑
n=−∞
F (n)(πα, π¯α˙) (4.47)
after introducing the fields
F (n)(πα, π¯α˙) = 1
4π2
∞
∫
−∞
dν F
(n+iν
2
, −n+iν
2
)(πα, π¯α˙) . (4.48)
Precisely these twistorial fields F (n) describe massless states with helicities s = −n/2.
Imposing the parity conditions to the twistor field (4.37)
Ψ(πα, π¯α˙;ρα, ρ¯α˙) = (−1)νΨ(−πα,−π¯α˙;−ρα,−ρ¯α˙) (4.49)
and also
Ψˆ(πα, π¯α˙) = (−1)νΨˆ(−πα,−π¯α˙) , (4.50)
where ν = 0 or ν = 1, we then find that in the expansion (4.47) there are only terms with even
values of n at ν = 0 or only terms with odd values of n at ν = 1. Thus, even twistor fields (4.37)
describe an infinite number of massless states with integer helicities, whereas odd twistor fields
are used to determine massless states with half-integer helicities.
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5 Twistor transform for fields of continuous spin parti-
cles
In the previous Section, we obtained the twistor fields describing massless particles of contin-
uous spin. Here we will establish the connection of these twistor fields with the corresponding
fields of the space-time formulation. These space-time fields will depend on the position four-
vector and obey the Wigner-Bargmann equations [2, 3] which are quantum counterparts of the
constraints (2.3)-(2.6).
The twistorial variables πα, ρα, on which the wave function (4.23) depends, play a role of
momentum variables. Therefore, we can consider the twistor wave function (4.23) as a wave
function in the momentum space. For this reason, up to the normalization multiplier the
space-time wave function can be determined by means of the integral transformation
Φ(x, y) = ∫ d4π d4ρeipαα˙xα˙α eiwαα˙yα˙α Ψ(π, π¯;ρ, ρ¯) , (5.1)
where the momenta pαα˙ and wαα˙ are composite and defined by expressions (3.1), (3.2): pαα˙ =
παπ¯α˙, wαα˙ = παρ¯α˙+ραπ¯α˙. In the integral (5.1) we perform integration over the four-dimensional
complex space with the integration measure d4π d4ρ ∶= 1
4
dπα ∧ dπα ∧ dπ¯α˙ ∧ dπ¯α˙ ∧ 14 dρβ ∧ dρβ ∧
dρ¯β˙ ∧ dρ¯β˙.
Inserting (4.23) in (5.1) we obtain the space-time fields of continuous spin particles
Φ(x, y) =∫ d4π d4ρeipαα˙xα˙αeiwαα˙yα˙αδ (πβρβ −M) δ (ρ¯β˙ π¯β˙ −M) e−i(
ρ1
π1
+ ρ¯1
π¯1
)
Ψ˜(π, π¯) . (5.2)
Integral representations (5.2) for the space-time fields are the solution of the Wigner-Bargmann
equations [2, 3], which are quantum counterparts of the constraints (2.3)-(2.6). The presence of
equations (1.1)-(1.3) for the fields (5.2) is the consequence of the identities παπα ≡ 0, ραρα ≡ 0
for even Weyl spinors and the conditions (3.4) encoded by means of the δ-functions in the
integrand (5.2). The proof of the fulfillment of equation (1.4) is the following:
− i yα˙α ∂
∂xα˙α
Φ = (5.3)
∫ d4πd4ρeipαα˙xα˙απαπ¯α˙yα˙αeiwαα˙yα˙αδ (πβρβ −M) δ (ρ¯β˙ π¯β˙ −M) e−i(
ρ1
π1
+ ρ¯1
π¯1
)
Ψ˜ =
−i∫ d4πd4ρeipαα˙xα˙α [πα ∂
∂ρα
eiwαα˙y
α˙α] δ (πβρβ −M) δ (ρ¯β˙π¯β˙ −M) e−i(
ρ1
π1
+ ρ¯1
π¯1
)
Ψ˜ =
i∫ d4πd4ρeipαα˙xα˙αeiwαα˙yα˙αδ (πβρβ −M) δ (ρ¯β˙ π¯β˙ −M) [πα ∂∂ρα e
−i(ρ1
π1
+ ρ¯1
π¯1
)] Ψ˜ = Φ .
Thus, we have constructed the integral relationship (5.2) between the space-time fields and
twistor ones, which is a generalization of the Penrose field twistor transform. The twistor
function Ψ˜(π, π¯) plays the role of the prepotential for the space-time field Φ.
In expression (5.2) we can perform the integration over ρ, after which only the integrals
over the π-components remain. It should be noted that relations (4.8) and (4.11) imply
ρα = tπα + Ms
π1
δ2α , ρ¯α˙ = t¯π¯α˙ + Ms¯π¯1 δ2α˙ (5.4)
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and, therefore, d4π d4ρ = 1
4
M2dπα ∧ dπα ∧ dπ¯α˙ ∧ dπ¯α˙ ∧ ds ∧ ds¯∧ dt∧ dt¯. Integration with respect
to s, s¯ is performed by means of the δ-functions. Integration with respect to t + t¯ produces
δ(παπ¯α˙yα˙α − 1) and integration with respect to i(t− t¯) is factorized. So expression (5.2) for the
field of the continuous spin particle takes, up to the multiplier constant, the form
Φ(x, y) = ∫ d4π eiπαπ¯α˙xα˙α e
iM (παδ2α˙
π1
+ π¯α˙δ2α
π¯1
)yα˙α
δ(παπ¯α˙yα˙α − 1) Ψ˜(π, π¯) . (5.5)
We remind that 2M2 = µ2. It is easy to check that the field (5.5) satisfies equations (1.1)-(1.4).
Therefore, it is the exact solution of these equations in the twistorial representation. It is
evident that at µ = 0 we obtain the exact solution to equations (1.1)-(1.4) at µ = 0.
6 Summary and outlook
We constructed the new Lagrangian model which describes a relativistic massless particle
of the continuous spin. This model is characterized by the following:
• The classical Lagrangian (2.1) describes the relativistic particle corresponding to the
irreducible massless representation of the Poincare´ group with continuous spin.
• The classical twistor Lagrangian (3.14) with twistor constraints (3.4), (3.12), (3.13) and
coordinate twistor transform (3.1), (3.2), (3.6), (3.7) which give the links between phase
variables of space-time formulation and twistors.
• Twistor fields of the continuous spin massless particles (4.36) (or (4.23)) which depend
only on twistor variables and have the helicities expansion (4.47).
• Field twistor transform (5.2) which expresses space-time fields in terms of twistor fields
by the integral transformation.
• Space-time field (5.5) is the exact solution of the constraints (1.1)-(1.4).
Let us note some comments on the constructed model.
i) Mass parameter µ determining the irreducible Poincare´ representations has a role similar
to the mass in the massive Poincare´ representations: spin (helicity) contents of the con-
tinuous spin representations are the same for different values of µ. The dependence on
µ is coded in the explicit dependence of the twistor fields on the twistor variables and,
consequently, in the equations for the space-time fields.
ii) In the limit µ → 0 our twistorial model produces the massless higher spin particle. So in
the mixed space-time–twistorial formulation a higher spin particle is described by the
even coordinates, four-vector xm and the Weyl spinor πα, and its canonically-conjugated
momenta, which are subjected to the constraint (see (3.1))
pαα˙ − παπ¯α˙ ≈ 0 . (6.1)
This constraint yields after quantization the unfolded equation for a free higher spin field
[32] (see also [33]) in the representation with momentum realization for π-variables. In
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the coordinate representation for the Weyl spinor π the solution of the constraint (6.1) is
the following field:
Ψhsp(x,π, π¯) = eiπαπ¯α˙xα˙αΨ˜hsp(π, π¯) , (6.2)
where the function Ψ˜hsp(π, π¯) of two complex variables πα defines an infinite tower of the
massless states with arbitrary helicities. However, the twistor wave function (4.23) of the
continuous spin particle is defined also by a similar function Ψ˜(π, π¯). Moreover, in the
limit µ → 0 (M → 0) the constraints παρα = M = 0 and c.c. imply πα ∼ ρα. Therefore,
in this case we have wαα˙ ∼ pαα˙ due to (3.2) and the integrand in (5.2) coincides with
(6.2) after considering a linear combination of two 4-vectors xm and ym as some space-
time position four-vector. This gives us an additional relation between the continuous
spin representations and other studied theories, in addition to their known link with the
contraction of the finite spin representations in higher space-time dimensions (see, for
example, [15, 23]).
iii) There is a mixed Shirafuji formulation [42] of massless particles which uses both space-time
vector variables and twistorial ones, with a specific term παπ¯α˙x˙α˙α in the Lagrangian. This
formulation of the continuous spin particle will make it possible to find additional relations
of this system with a higher spin particle in the unfolded formulation. In particular, path-
integral quantization of such models will yield an expression for the transition amplitudes
of the continuous spin particles. In our future research, we will study this issue.
iv) Another important task in this subject is the construction of the Lagrangian field (second-
quantized in the context of the current work) theory of continuous spin. An effective
way of realizing this task is to use BRST quantization methods. Some aspects of BRST
formulations of the field theories in the case of continuous spin particles were studied
in [43, 44, 25]. In our forthcoming work, we will study the BRST-BFV formulation for
the twistorial continuous spin particle constructed here. The first natural step in this
direction will be the study of the mixed Shirafuji-like model in which twistor variables
will play the role of some creation and annihilation operators in the the continuous spin
particle system, similar to the studies carried out in [45, 46] (see also the recent preprint
[47] and references therein).
v) On the (A)dS spaces, one can also consider continuous-spin fields describing infinite-
dimensional irreducible representations of the (A)dS groups. Such representations were
studied in the papers [21, 22] (see also the review [23]). The (A)dS spaces play a special
role in constructing the interaction of high-spin fields with a gravitational field. There-
fore, it is interesting to generalize the twistor formalism proposed here to the theory of
continuous spin particles in the (A)dS spaces with a gravitational background.
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